Introduction. Witt [5] proved that two binary or ternary quadratic forms, over an arbitrary field (of characteristic not 2) are equivalent if and only if they have the same determinant and Hasse invariant. His proof is brief and elegant but uses a lot of the theory of simple algebras. The purpose of this note is to make this fundamental theorem more accessible by giving a short proof using only the general results of modern theory of cohomology of finite groups.
Professor Artin (Princeton lectures, 1956) gave such a proof for fields k over which local class field theory holds. For such fields, the group of values of the quadratic norm residue symbol is cyclic of order 2 while for arbitrary fields it may be any abelian group of exponent 2. So our proof is necessarily different from his; still it owes much to his methods.
Norm residue symbol. All fields mentioned here shall be assumed to have characteristic [4] .) But when K/k is of degree 2 there is only one such generator, hence a unique isomorphism.
For a, fiEk (and 9^0) we define (a, P) to be the 2-cohomology class in H2(k(all2)/k) corresponding to the element of the norm class group defined by p. However, we shall identify an element of IP(K/k) with an element of H2(L/k) whenever the lifts of these elements to H2(Q/k), for some &Z)K and JOZ., are equal. This is justified by the wellknown fact that for 2-cohomology groups over K' the lift maps are isomorphisms into and form a transitive mapping system. (One may consider (a, P) as denoting an element of the group H2(G(k^os/k), &clos), of the algebraic closure of k, this group being defined either as a direct limit or as a group of "continuous cocycles" of the EilenbergMacLane [2] type. But this notion can be avoided since all cohomology classes occurring in any discussion can be considered as elements of IP(Q/k) for some large but finite Q/k.) Thus (ai, a2) = (a3, cv4) means that these cocycles have the same lift to the field k(a\ , ct\ ). This can very well happen even when the (June fields k(a]/2) are four different fields; in this case k(a\/2) and k(a'3/2) (and, because (a,-, aj) = (aj, ai), also k(a\/2) and k(a\/2)) are each called afield of definition for (ai, 012).
Alternative descriptions: Witt [5] defined (a, fi) to be a certain class of quaternion algebras; our (a, fi) is the 2-cohomology class defining this algebra class. Under the original Eilenberg-MacLane Proof. Suppose first that they are isometric. Then they have the same determinant.
Since multiplying one of the a,-or Pi by a square does not change the Hasse invariant or the isometry class, we may assume that aia2 = PiP2. Then our two forms can be rewritten as {a, Py} and {aP, y}. (a = ai, P = Pi/ai, y=p2.) The Hasse invariants are (aPy, -l)(a, Py) = (apy, -l)(a, 7)(a, P) and (a/87, ~l)(a, 7) ■ (P, 7). Hence they are equal if and only if (P, ay) =1, which is true exactly when (6) e -v*p -r2«7 = 0 has a nontrivial solution in k. But (6) is equivalent to (7) ?a -r,2ap -w27 = 0, and if our spaces are isometric then (7) has a solution with £ = 1 because {aP, 7} represents a. Now suppose that our spaces have the same determinant (hence are again of form {aP, 7} and {a, Py}) and Hasse invariant. Then (6) has a nontrivial solution, so (7) has also. If {aP, 7} does not represent 0, then £5^0 in (7) so {a/3, 7} represents a. Hence {aP, y} = {a, 5} for some SEk and considering the determinant shows that 5 can be taken to be Py. So Lemma 1 is proved except for the case when one of the spaces represents 0. This case will be settled by Lemma 2.
Lemma 2. All binary forms which represent 0 are isometric. A binary form represents 0<=> its determinant is negative of a square => its Hasse invariant is (-1, -1 
